ABSTRACT Temporal Talbot phenomena occur when a periodic optical pulse train propagates through a dispersive medium with a proper dispersion amount, which includes integer and fractional orders depending on the dispersion amount. The fractional temporal Talbot (FTT) effect has attracted great interest because of its potentials in repetition rate multiplication of optical pulse train and passive amplification of short pulses. In this paper, we investigate the evolution of amplitude fluctuation in FTT systems from the viewpoint of the frequency-dependent fading of pulse train envelope. It is found that the envelope frequency response of FTT is different from that of integer orders since there is waveform-to-waveform phase profile in the output pulse train in FTT systems. The noise reduction phenomenon in FTT systems is analyzed based on the derived frequency response. A closed-form expression of the noise reduction ratio is derived for the first time based on the analysis of the noise power spectral density. With the given model, we are able to predict the fluctuation suppression effect in FTT systems more precisely.
I. INTRODUCTION
Temporal self-imaging phenomena, also referred to as temporal Talbot effect, are the time-domain counterpart of the spatial Talbot effect [1] - [4] . The temporal Talbot effect occurs when a periodic temporal signal (for instance, a short pulse train) passes a dispersive medium with a proper dispersion value. Depending on the dispersion amount, the temporal Talbot effect can be categorized into integer-order one and fractional-order one. In an integer temporal Talbot (ITT) system, the input periodic pulse train is exactly replicated at the output. This feature can be applied for the accurate measurement of dispersion value of a dispersion medium [5] , [6] . If a time lens (quadratic phase modulation) is configured preceding the dispersive medium, time-domain compression or stretching of original optical waveforms while keeping their temporal profiles can be achieved [7] - [9] . A major merit of the FTT effect is that the repetition rate of the periodic short pulses can be multiplied while without distorting the pulse waveform. Accordingly, the FTT effect provides a promising solution to the generation and delivering of optical
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pulse trains with ultra-high repetition rates [10] - [16] . Note that the generated pulse train exists a waveform-to-waveform residual temporal phase structure in the FTT effect, which is different from that in the ITT effect. This residual phase profile can be employed to realize inverse FTT effect, by which passive intensity amplification of repetitive pulses has been demonstrated [17] - [18] .
The FTT effect with uniform envelope of input pulse train has been widely investigated [10] - [19] . It has been found that compared with the input pulse train, the intensity noise of the generated pulse train in a passive amplification system based on the inverse FTT effect is largely reduced [15] , [16] . Therefore, it is of great interest to study the evolution of amplitude fluctuation of the pulse train in a FTT system as well as the phenomenon of intensity noise mitigation. In [20] , Pudo and Chen derived the upper limit of the peak intensity fluctuations in the FTT effect for pulse repetition rate multiplication. In [21] , they presented an effective approach to theoretically predict the variation of amplitude noise and timing jitter in periodic optical pulse train using a simple probabilistic model, which shows that the temporal Talbot effect has an inherent property of mitigating both pulse amplitude noise and timing jitter. In [22] , [23] , we have analyzed the modulation fading phenomenon in ITT systems. In this paper, we focus on the evolution of amplitude fluctuation of the output pulse train along the dispersion medium in a FTT system, which is analyzed from the viewpoint of the frequency-dependent fading of pulse train envelope. An analytical model for the envelope frequency response of the FTT effect is presented, for the first time. It is found that in the FTT effect, the higher order resonances in frequency response is different from that of the ITT effect. The obtained frequency response is further utilized to characterize and model the effect of intensity noise mitigation. A closed-form expression of the noise reduction ratio is derived for the first time based on the analysis of the noise power spectral density of the pulse train envelope, which can be used to precisely predict the noise suppression performance in FTT systems. Both theory and simulation results are presented for deeply understanding the intensity noise mitigation phenomenon.
II. PRINCIPLE
The temporal Talbot effect occurs when a periodic optical pulse sequence propagates through a dispersive medium with a proper first-order dispersion value. The impulse response of the dispersion medium is given by h(t) ∝ exp[−jt 2 (2¨ )], where¨ is the dispersion amount in the unit of ps 2 . Here we consider that each input pulse is Gaussian-shaped and its electric field is as g(t) = exp(−t 2 /2τ 2 0 ), where τ 0 is the halfwidth at 1/e maximum of the pulse. The repetition period of the pulse train is denoted by T . The periodic pulse train can be described by means of a Fourier series development [9] ,
where
T t)dt and it denotes the discrete Fourier coefficients of the signal. The optical power
The output optical signal y(t) from the dispersion medium is given by
where * denotes the convolution operation. By developing the convolution integral and using the principle of Fourier transform [9] , (2) can be further expressed as
The Talbot effect occurs when the dispersion amount satisfies
where N and m are arbitrary coprime positive integers. Note that the maximum value of m should be less than T t 0 in order to keep the profile of pulses, where t 0 indicates the total duration of the individual pulse. For the case of m = 1 (integer order), the output waveform is an exact copy of the input one when N is even; when N is odd, the temporal waveform will be time-shifted by half a period. For the case of m > 1 (fractional order), (3) can be rewritten as follows by using the spectral grouping method [13] 
The factor B n introduces a different phase shift for each pulse in a period of T . Compared with ITT, the repetition rate of the generated pulse train in FTT is increased by a factor of m while the waveform of individual pulse is maintained according to (5) [13] . Moreover, there exists a residual phase profile among different pulses within a period of T due to the quadratic phase term in B n in the FTT effect, as shown in Fig.1 , which is another major difference between the TFF and ITT effects. It should be noted that the factor B n , presented in terms of the Gauss sum, has been proved to be a quadratic phase term and therefore can be described in a more compact way [24] - [26] . The optical power P 2 (t) of the generated pulse train is P 2 
We can see that the intensity of each generated pulse is reduced to be 1/m of the input one on account of energy conservation. In following discussion, we use g T /m (t) to denote Now we discuss the scenario where the amplitude of the input pulse train is perturbed by a sinusoidal waveform with an angular frequency of ω rf . The output time-domain waveform after experiencing the amplitude modulation and the dispersion medium can be describe as
where α is the modulation depth. By solving the convolution integral and in the case Nm is even, (6) can be expanded into
where τ = ω rf¨ (which means the time offset between the carrier and the sidebands induced by dispersion). The three terms in (7) represent the carrier, the upper sideband and the lower sideband, respectively. Due to the phase profile B n , each pulse has a different phase in an arbitrary period T with m pulses. Let us first consider the case that the time offset τ is less than the pulse interval T /m, i. e. τ = ω rf |¨ | < T /m. According to the law of cosines, (7) can be rewritten as
where ψ(t) is the phase term dominated by the difference between g T /m (t − τ ) and g T /m (t + τ ). If the time offset τ is much smaller than the pulse width τ 0 , i. e. τ τ 0 , the two separated pulses can be viewed as nearly coincident, i. e. g T /m (t + τ ) ≈ g T /m (t − τ ) ≈ g T /m (t). In this case, the phase term ψ(t) is close to zero and can be neglected.
where exp(−τ 2 /τ 2 0 ) ≈ 1, since τ τ 0 . Hence (9) can be further simplified as
The detected photo-current is proportional to the optical power of the signal. Since the 2nd and higher harmonics can be neglected under the small signal approximation, the power signal is expressed as
From (11), we can easily obtain the frequency response of pulse train envelope for FTT systems, which is expressed as
It can be proved that the result is the same when the product of N and m is odd. Although the above derivation is based on the condition τ τ 0 , it is not necessary for (12) since the value of the term exp[−τ 2 /(2τ 2 0 )] in the expression approaches zero fast as τ > τ 0 , which is verified by the following simulation results.
If the time offset τ is not restricted to be less than the pulse interval T /m, the pulse train g T /m (t + τ ), g T /m (t − τ ), and g T /m (t) in (7) could also be coincident when τ is close to an integer multiple of T /m. Therefore, a more general expression for y e (t) without restriction on τ can be written as
is an attenuation term induced by the out-of-phase addition of g T /m (t + τ ) and g T /m (t − τ ) as the phase factor B n introduces a different phase shift for each pulse in a period of T . Apparently, ξ τ is periodic with a period of T due to the periodicity of B n , which is different from the ITT effect. Therefore, the envelope frequency response can be inferred from (13) under the small signal approximation, as
where the attenuation term ξ ω is periodic with a period of T /|¨ | and ξ ω = 1 at the resonance around dc and the higher resonances at kT /|¨ |, despite that we do not know the exact expression of ξ ω due to the complexity of B n .
From (14), we can see that there are multiple resonances at the frequencies around k/(NT ), where k is an integer. Meanwhile, higher-order resonances are attenuated by the dispersion fading term cos(¨ ω 2 rf /2). In [27] , the authors elegantly explained the pulse repetition rate multiplication in a FTT system based on a Fourier analysis on the oscillatory interference term between dispersed pulses, in which there are also multiple resonances (passbands) in the spectrum of output pulses. Note that our analysis in this work is different from that since what we concerned is the spectra of the pulse train envelopes, as well as the relation between the input and output envelope spectra, but not the spectra of the output pulses.
With the derived frequency response, the issue of intensity noise mitigation can be explained by the presented theoretical model. We aim to present the noise reduction ratio to VOLUME 7, 2019 characterize the noise power suppression in FTT systems. Assume that the amplitude of each input pulse is varied by a Gaussian distributed random number with a mean value of 0 and a standard deviation of σ in . The strength of intensity noise of the input pulses can be denoted by its double-sided power spectral density, which is a constant S in (f ) = σ 2 in due to the property of Gaussian process. The power spectral density of the output pulses relates to that of the input pulses as [28] , where H (f )is just the frequency response. We define the noise reduction ratio as the ratio of the output noise power to the input noise power in a bandwidth B, i.e.
The noise suppression ratio can be estimated by calculating the integral in (15) . It is found that there are two terms, i. e. cos(¨ ω 2 rf /2) and exp[−(ω rf¨ ) 2 /(2τ 2 0 )], in the frequency response H (f ). The first term cos(¨ ω 2 rf /2) is a slowly varying term with respect to the modulation frequency f , which originates from the double sideband modulated signal propagating through a dispersive medium [29] , [30] . The second term in (14) can be roughly seemed as a low-pass filter since the higher-order resonances are attenuated by cos(¨ ω 2 rf /2) despite that it contains multiple resonances. If we only consider the influence of the resonance around dc, the integral in (15) can be solved by extending the upper and lower limits to ±∞, with the help of the Gamma function [31] , as
III. RESULTS AND DISCUSSIONS
We implemented numerical simulations to discuss the evolution of amplitude fluctuation and noise mitigation effect in FTT systems. In our simulation demonstrations, the pulse width τ 0 is chosen to be 8 ps and the repetition period T of the input pulse train is set as 100 ps. The dispersion medium with a dispersion amount of¨ is characterized by the frequency response function H (jω) ∝ exp[−j¨ ω 2 2]. In the first simulation, the input pulse train is modulated by a two-tone waveform in order to demonstrate intuitively the variation of amplitude fluctuation along the dispersion medium. The input pulse train in a time window is shown in Fig. 2(a) . The output pulse trains within the same time window at the Talbot order of N = 3, m = 2 and N = 5, m = 2 are shown in Figs. 2(b) and (c), respectively. As expected, the generated pulse trains has a repetition rate twice of the input one, which is decided by the factor m, and the average amplitude of the generated pulse train is reduced as there is a coefficient 1/m in (12) . In addition, the fluctuation is reduced in the output pulse trains compared with that in the input one, and the fluctuation decreases with the increase of the Talbot order N , which is consistent with the theoretical prediction of (16).
In the second simulation, the input pulse train is modulated by a sinusoidal envelope in order to obtain the frequency response and verify the results of (12) and (14) . The envelope frequency responses under different Talbot parameters m (2, 3, and 4) and N = 1 within the frequency range of < 5 GHz, obtained by both simulations and the calculations based on (12) , are shown in Fig. 3(a) . Since the input analog signal is sampled by the pulse train g T (t) with a period of T , the effective frequency range should be limited within the main value range of f < 1/(2T ). According to our theoretical predictions, the mitigation of amplitude fluctuation is observed. The simulation results are in well agreement with the predicted ones by the given analytical model. As can be seen from the figure, the effect of envelope frequency response is equivalent to a function of low-pass filtering. As m increases, the bandwidth of the low-pass filter also increases, which is consistent with (12) . According to (14) , there are also resonance peaks at higher frequencies. To verify this, we simulated a FTT system with parameters of m = 3 and N = 5. The simulated frequency response is shown as the dashed curve in Fig. 3(b) . For comparison, we also calculated the frequency response according to (14) where we set the attenuation term ξ ω as 1. We found that both the curves match very well in the resonance around dc but differ in the higher-order resonances, which is consistent with the property of the attenuation term ξ ω induced by the out-of-phase addition of pulses we have discussed in the principle part. Meanwhile, it is verified that the higher-order resonances in FTT systems are affected by the fading term cos(¨ ω 2 rf /2) induced by dispersion and double-sideband modulation as well as the attenuation term ξ ω , which is different from that in ITT systems. In order to show the amplitude noise suppression effect in a FTT system as well as the correctness of the theoretical result of (16), we have implemented Monte-Carlo simulations. In the simulations, a pulse train with pulse number more than 10,000 is incident on a dispersive medium. To simulate the amplitude fluctuation, we assume the amplitude of each pulse as a normal random variable with a mean of 1 and a standard deviation of 0.1. The system noise bandwidth is set as 1/(2NT) to avoid the influence of higher-order resonances. We firstly investigated the dependences of the noise reduction ratio R noise on the pulse width τ 0 by simulations as well as theoretical prediction according to (16) , as shown in Fig. 4(a) , where the parameters are set as T = 40 ps, N = 1, m = 2, τ 0 = 2 ∼20 ps. Fig. 4(b) gives the result of R noise vs. T , where τ 0 = 5 ps, N = 1, m = 2, T = 11 ∼50 ps. Fig. 4(c) presents the result of R noise vs. N , where T = 40 ps, τ 0 = 5 ps, m = 3, N = 1 ∼20. Fig. 4(d) shows the result of R noise vs. m, where T = 40 ps, τ 0 = 5 ps, N = 1, m = 1 ∼8. It is seen that the simulation results and the theoretical predictions are in good agreement, which demonstrates the correctness of the given model for characterizing the spontaneous amplitude fluctuation suppression in FTT systems. Moreover, the simulation results are in good consistence with the simulation results in [21] . Note that the noise reduction ratio in (16) is a closed-form analytical expression and it's convenient to precisely calculate the power spectral density of the pulse train envelope according to (15) . VOLUME 7, 2019 According to the frequency response of the pulse train envelope, the effect of amplitude fluctuation reduction can be viewed as a low-pass filter. Therefore, the equivalent noise bandwidth can be estimated based on
, which is obtained as B noise √ πτ 0 (2NmT 2 ). According to this formula, the equivalent noise bandwidth decreases as the Talbot order N increases, which means that the higher order leads to reduced amplitude fluctuation. It can be understood that a larger dispersion amount leads to broader output pulses and therefore a wider window function, since the generated pulses can be viewed as the interference pattern among the dispersed pulses. The decrease of the equivalent noise bandwidth B noise with the increase of the Talbot order N is also observed in the simulation results in Fig. 2 . It is found that as the Talbot order N grows, the pulse train envelope becomes smoother due to the narrower noise bandwidth. Since the closed-form expression for the transfer function is derived based on the assumption of Gaussian pulse, estimation on the amplitude fluctuation using equivalent noise bandwidth is more generic. The spontaneous suppression of amplitude fluctuation in the FTT effect can be used in applications in which the pulse fluctuation has negative influence as in [32] . The low-pass filtering effect in the pulse train envelope and the amplitude fluctuation mitigation can be understood as the self-healing effect since the higher-order harmonics induced by the imperfection of input pulse train will be spontaneously attenuated with the increase of the Talbot order. In [33] , the authors presented a spectral interpretation of the Talbot self-healing effect with a general point of view, as well as its application to arbitrary waveform generation.
IV. CONCLUSION
In conclusion, we have investigated the evolution of amplitude fluctuation in FTT systems. Compared with the ITT effect, the major difference is that the generated pulse train in a FTT system not only alters the repetition rate but also has a phase profile among the output pulses. We presented a theoretical model of pulse train envelope frequency response for characterizing the amplitude fluctuation evolution. Based on the given model, we discussed the phenomenon of intensity noise reduction in FTT systems. According to the analysis of noise power spectral density, we derived an expression for noise reduction ratio, which can be used to quantitatively characterize the evolution of noise power spectral density along the dispersion medium. The noise reduction ratio is dominated by the pulse width, the repetition period of the input pulse train, the repetition rate and amplification factor, which is an inherent property of temporal Talbot systems. The presented theoretical findings can help to understand and analyze the evolution of amplitude fluctuation in FTT systems as well as the noise reduction phenomenon in a passive pulse amplification system based on the temporal Talbot effect.
